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In this paper, a methodology to design fuel-efficient maneuvers for space-based interferometric imaging systems
located in near-Earth orbits, under time and imaging constraints, is proposed. The methodology is hierarchical and
consists of a higher-level nonlinear programming problem and a lower-level linear quadratic tracker. Solutions are
obtained for the purpose of quantifying the relationship between the quality of an image obtained by a
multispacecraft interferometric imaging system and the dynamic requirements of such imaging maneuvers. These
maneuvers are then used for the design of a system capable of obtaining very-high-resolution images from a near-
Earth orbital location. To relate the fuel requirements with image quality, the relationship between the imaging
process and the error in the final image is studied, and a quality factor is designed to relate the reliability of an image
to the trajectory of the spacecraft and, hence, the fuel usage. As an application, a midinfrared imager system located
at geostationary orbit is studied and features of the design of such maneuvers are enumerated.

Nomenclature
Al = area of the telescopes
a = orbital rate of the circular orbit in the CW

equations

radial acceleration

rate of change of the radial velocity with
respect to the radius

tangential acceleration

rate of change of the tangential velocity
with respect to the radius

ar
a, =a,/(dr/di)

a;

a,=a,/(dr/dr)

dpix = resolution of the image

e(v) = error in the frequency content

e, = energy of the photons at frequency v

h = Planck’s constant

I(v) = actual frequency content

I(v) = estimation of the image frequency content

1,(v) = measurements of the frequency content

Ly = value of the threshold for the intensity of
error-bounded pixels

J = mutual coherence measurements

K = upper bound on the spiral rate %

M = number of collectors

M(v) = modulation transfer function

N®©) = noise

Tpix = number of pixels in an image

ng = density number of photons

Pmax = maximum value for the probability of an
image to have an error greater than the
bound

R = final radius of the maneuver

r = radial position of the spacecraft in the spiral
maneuver

T = total time of the maneuver

T nax = maximum time allowed to finish the

imaging maneuver
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Top = temperature of the optics

Uy, Uy, U, = controls in the x, y, and z directions

v, = radial velocity

v, = tangential velocity

X, 9,z = standard CW coordinates

Z = approximate distance to the target

o; = proportionality constants for the relative
distance between spacecraft pairs

Bi = constants defining the multiplicity of the
coverage disks

Aty = projection in the observation plane of the
relative position of spacecraft n and m

AX = bandwidth of the detection

JA = area of the collectors

8 = random term in the mutual coherence
measurements

oT = time of collection for one measurement

€ = fractional transmission of thermal energy

n = absorption coefficient of the atmosphere

A = wavelength of the signal

Hrot = rate of photons per second

v = two-dimensional frequency vector

& = emissivity coefficient of the radiating body

P = size of the coverage disks in the u—v plane

o2(x) = variance of x

c = optical efficiency of the elements

Topt = optical efficiency of the detector

p
®=1/v.(x,r) discretized optimization variable
standard Euclidean norm

infinity norm

1. Introduction

HE motivation for this research is the design of multispace-

craft interferometric imaging systems (MSIIS) located in a
near-Earth orbit. An interferometric imaging system is a sparse
aperture interferometric system that allows for the synthesis of a
large-size aperture through the combination of the signal from
several subapertures, allowing for the formation of images with
resolution that is orders of magnitude better than that of a single
telescope [1].

Interferometric imaging falls under the category of long baseline
interferometry [2] that was first developed in the context of synthetic
aperture radars (SAR) and has been successfully used in Earth-based
astronomy [3]. The use of spacecraft formations for this purpose has
been proposed, and previous literature has dealt with the definition of
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the optical requirements and capacities of interferometric imaging
systems aiming to obtain astronomical images, specifically, the
imaging of extrasolar planets [4—0]. Different techniques of
interferometry using formations of separated spacecraft have been
proposed, and their application to space-based targets have been
studied [3,7].

At the same time, the technical drawbacks of the optics of such
systems are being overcome due to the improvement of
computational systems and the development of technologies that
allow better signal reception (resulting in higher signal-to-noise
ratio) and less stringent requirements in position and metrology
accuracy [8]. On the other hand, the dynamics and control of
multispacecraft systems in orbital configurations have been topics of
considerable research, allowing for the design of robust and accurate
trajectory control systems [5,9]. Furthermore, the development of
high specific impulse thrust systems has reduced the technical
difficulties for satellite formations performing active tasks. However,
the relationship between the dynamic requirements of the spacecraft
in a formation and the imaging quality in active interferometric
imaging tasks is far from being well studied.

Previous formation designs optimize the locations of the
constituent telescopes such that some metric of image quality is
optimized [10,11]. These correspond to static optimization prob-
lems. However, for an MSIIS, due to the higher-resolution
requirements, the design variables are the trajectories of the
constituent spacecraft. To assess the minimum requirements of these
trajectories, an optimization problem has to be posed.

In previous work, the dynamics of the spacecraft have been related
to the modulation transfer function (MTF) of the optical system, and
time/fuel optimal problems have been posed [4,12—-15]. In a previous
paper by the authors, a heuristic approach considered the design of
minimum fuel trajectories in the subset of spirals, subject to deep-
space dynamics, for an exosolar planet imaging application [16].
However, when the corresponding problem is posed for formations
in a near-Earth orbit, the decoupled structure of the dynamic
equations breaks down and other desirable features of the
optimization problem, such as convexity, disappear. Thus, the
structure of the problem does not allow for the design of a computa-
tionally efficient optimization method for the exact problem.
Additionally, new optical and kinematic constraints arise that are
different from those studied in previous research [4]. In this paper,
the fuel optimization problem is posed for an interferometric imaging
system subject to the dynamic constraints in a near-Earth circular
orbit. To find fuel-efficient trajectories, a methodology is proposed
that designs trajectories subject to Clohessy—Wiltshire (CW)
dynamic equations while satisfying the image-quality constraint.
The methodology has a hierarchical structure in which an outer loop
optimizes the fuel usage of the spacecraft system subject to deep-
space dynamics, whereas a linear quadratic regulator (LQR) inner-
loop controller is used to track the trajectories generated by the
outer loop.

To evaluate the applicability of the method, a midinfrared system
located at geostationary orbit (GEO), with a resolution capacity of
1 m for targets emitting thermal radiation on the Earth’s surface, is
studied. A midinfrared system can give appropriate information that
cannot be found by imaging in visible light, such as temperatures of
buildings and hot spots where engines or machinery could be hidden.
It also allows one to see through haze, smoke, and dust, and is capable
of detecting human bodies and allows for night images. A telescope
located at a geostationary orbit able to acquire images in the infrared
(IR) frequency range with a resolution close to 1 m would require an
aperture of hundreds of meters, and, thus, a single monolithic
telescope or even a large-scale space structure is infeasible in such an
application.

The paper is organized as follows. In Sec II, the interferometric
imaging maneuvers are reviewed, and spiral maneuvers are
introduced as a solution for the trajectory optimization problem. In
Sec. III, a review of interferometry is given, and a relationship
between the trajectories of the spacecraft and the noise in the image is
developed. In Sec. IV, the criteria for the quality of an image are
introduced and related to the variance of the error in the imaging

process. In Sec. V, the solution algorithm is presented. In Sec. VI, the
results of some simulations for different cases are given to study the
feasibility and characteristics of such systems.

II. Multispacecraft Interferometric Imaging Systems

An MSIIS consists of a group of telescopes carried on individual
spacecraft, acting in concert to synthesize a larger optical aperture.
By interfering the light acquired by every pair of spacecraft, a
coverage of the u—v plane is attained, and by reconstructing the
frequency content of an image, it is possible to generate an image of
the target.

The total observed frequency content is

1,(0) = MWIW) +N () (1)

where (v) is the actual intensity at the spatial frequency v, and NV (v)
is the noise that corrupts those measurements.

The MTF M(v) is a transfer function characteristic of the
synthesized instrument. This function is composed by the
contributions of every combination of telescope pairs over the time
of the maneuver and relates the frequency content of the actual image
to the observed image. It can be calculated from the telemetry of the
trajectories of the spacecraft and allows to calculate an estimate of the
frequency plane image I (v) at frequency points where M is different
from zero:

1) = M W1, () 6)
Then
) = 1) + ev) 3)
where /(v) is the actual image, and the error e is

N®)

e(v) = M)

“

In previous work [4,12,17], the expressions for the MTF M, the
noise N, and consequently the error e for multispacecraft inter-
ferometric imaging systems have been derived as functions of the
spacecraft trajectories and are given by

Me=33 ["d (-0

m=1 n=1

and

N(l)) / 8‘ImnA ( mn(t)) — W (1) dt (6)

eslm ln 1 )\Z

where [, st 18 the total intensity of radiation at the observation plane, T
is the total time of maneuver, Ar,,, is the projection of the relative
position of the n and m spacecraft in the plane perpendicular to the
optical axis, A is the detected light wavelength, 7 is the distance to the
target, 8/, is a Gaussian distributed random variable that represents
the error in the mutual intensity measurement between the mth and
the nth spacecraft, whose variance 62(8J,,,) depends on the type of
interferometric process, and A p 1s the aperture function in the
observation plane. The term v,,, represents a phasing factor that is
dependent on the positions of the mth and nth spacecraft on the image
plane. See [4] for additional details. This error can be assumed to be
uniform over all spacecraft pairs on the imaging plane and will be
represented in the following as §J.

Considering the random nature of the light emission process and
the central limit theorem, given that the image is composed of a large
number of independent measurements, an expression for the
variance of the error at any point in the spatial frequency plane v is
found to be [4,18]
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o2(8J)8T
By JT X YA, (v — 2y dr

o*(e(v)) = @

If the variance of the error is bounded above by 62, a constraint on
the spacecraft trajectory can be obtained as

M M e Ar,, B
ZZL Ap(v— AZ")dtZA 8)

m

with

o>(81)8T
izslo% max

A= &)

In the preceding equations, the nature of the multispacecraft
acquisition process is revealed: each pair of telescopes contributes to
the formation of the image with an instantaneous transfer function,
and the addition of every combination of telescope pairs over the total
time of the maneuver forms the total transfer function of the
synthesized optical system. The instantaneous transfer function
depends on the aperture function in the observation plane, A p» Which
accounts for the finiteness of the telescopes. For the purpose of this
work, the function A » can be approximated by a value of unity within
a circle of radius p and zero elsewhere, that is,

1 il =
Apx) = {O otherwise

Respectively, the variance of the error is inversely proportional to the
accumulated time of coverage for a given frequency v [integral in
Eq. (8)] and, thus, covering every region of the u—v plane for an
accumulated time longer than a given bound, assures a minimum
value of the variance of the frequency content error.

Then the imaging problem consists of finding the trajectories of
the spacecraft such that the disks defined by the u—v support function
cover each point on the u—v plane for a minimum given amount of
time for the acquisition of enough information (photons) at every
point inside the coverage region. This is illustrated in the simulation
in Fig. 1, in which the reconstruction of images is given for two
different cases. In the first one, every region of the support in the u—v
plane is covered long enough such that the variance of the error 0°[e]
is low for every point. In the other case, all the support of the
frequency plane is also covered, but in this case some regions are
appropriately covered, whereas others are covered for a shorter
amount of time, the error is greater, and, hence, the image is not
reconstructed with the required accuracy. Notice that in the second
image, even if the noise in the inner and outer regions is much smaller

Noise in MTF

02[e Reconstructed Image 1
) B o |

Noise in MTF
o’le]=0.05 ole]=2

",r."\l |

Fig. 1 A comparison of two reconstructed images for different
coverages in the u—v plane.

than in the first image, having a poorly covered region reduces the
quality. Thus, for satisfactory image formation, active control of the
spacecraft is required to allow for complete and appropriate coverage
of the u—v plane. A spiral maneuver is a convenient choice. Spiral
maneuvers have been shown to be time optimal [13]; they define an
optimization problem to solve for the spacecraft trajectories, as well
as allow for rotation of the optical axis to aim at different targets and
reorganization in case of the failure of an individual or a collection of
spacecraft. The coverage of the u—v plane by a spiral maneuver is
shown in Fig. 2.

In the subset of spiral maneuvers, an optimization problem can be
posed subject to dynamic constraints, the time constraint, and two
coverage constraints: full-paint constraint (FPC) and expansion-rate
constraint [15].

The FPC refers to the constraint that the total time of coverage of
any given region of the frequency plane needs to be greater than a
prespecified lower bound. In a symmetric spiral maneuver, the
coverage disks are arranged in concentric rings whose radii are in a
fixed ratio with respect to each other, and these ratios are determined
by the polygonal geometry of the formation. This results in N
concentric spirals of coverage in the frequency plane that expand at
different rates, as seen in Fig. 2. For instance, in the six spacecraft
cases in the figure, there are three concentric rings of coverage disks,
and the ratios of the rings with respect to the innermost ring is always
o = +/3 and a; = 2, where o refers to the proportionality constant
for the ith ring. Note that due to the highly constrained geometry of
the formation, the radial expansion rate of any of the rings is
completely specified by that of the inner ring and the constants «;.
Also, the number of coverage disks at any point in the plane is either 1
or 2 depending on the geometry. In the preceding case, the two inner
rings each have two coverage disks at every point of instantaneous
coverage in the u—v plane, whereas the outermost ring has one
coverage disk. This coverage multiplicity is denoted by B;, where i
refers to the ith ring.

Heuristically, the time of coverage of an annular portion of the
frequency plane is equal to the summation of the time spent by each
one of the concentric expanding spirals in that region. Given the
geometrical relationship between the expansion rate of each spiral
and the radial velocity of the spacecraft, the FPC can be written as a
function of the radial velocity at the various radial positions [4,14,16]
(however, the details of the derivation are nontrivial and can be found
in Proposition 7.1.1 in [4] and Proposition 2 in [14]):

Ng -
Zaiﬁi[l/vr(air/aNR)] zrA 10)
where
= 2A
A=——
oM

v,(+) is the radial velocity of the coverage disks in the innermost ring,
«; is the ratio of the radius of the ith ring of coverage disks to the
innermost ring of coverage disks (i.e., «; = 1), and §; € {1,2} are
binary valued constants that define the multiplicity of the coverage
disks inring i and depend on whether the total number of spacecraft is
odd or even (see [19] for details).
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Fig. 2 The u-v plane coverage in spiral maneuvers.
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Additionally, the rate of expansion of the spiral k = dr/d6 has to
be bounded to prevent gaps between successive turns of the spiral. Its
maximum value depends on the size and angular separation between
the disks in the u—v plane, which are dependent on the number and
size of the telescopes. Noting that

dr dr/dt
do ~ db/dr

and that

this constraint is written as Eq. (13).

Given that the radius is a monotonically increasing function of
time, defining r as the independent variable, under the two preceding
coverage constraints and under time and dynamic constraints, the
fuel optimal spiral trajectory problem can then be posed as [12]

Ry
min/ a*+azdr (11)
v Jo
subject to
Ng 1 -
> api——~=rA VY re[0.R] (12)
(@)
L(r) <K (13)
v,(r)
alr = fr(r’ Ur7 U[) (14)
ang,(r, vﬂvt) (15)
a; +ai = Aju (16)
R d
/ L < T, (17)
0 Ur(r)

where the radial and tangential velocities rates of change

_ dr _ dr
a,=a, [ —, a,=a, [ —
r r dt 1 1 dt

are functions of the radius, R is the final radius of the maneuver, T},
is an upper boundary for the time of the maneuver, and K is the upper
boundary for the expansion rate previously described. The cost
function is the integral of the required accelerations throughout the
maneuver, the constraints in Eqs. (12) and (13) are coverage
constraints, Eqs. (14-16) are dynamic constraints, and Eq. (17) is the
time constraint.

This problem, then, is to find a pair of variables v,, v,, or,
equivalently, v,, k [since k = f(v,, v,)] as functions of the radial
position of the spiral and, thus, defining the geometry and kinematics
of the spiral.

III. Error Variance in Interferometric Process

In this section, the relationship between the error in the
interferometric process and the dynamics of the multispacecraft
interferometric system for different types of interferometric methods
are described.

A. Direct Interferometry

In a direct interferometer, the light from the two spacecraft is
directed to a combiner and interfered, and the amplitude and phase of
the peak in the interfered signal is measured, giving the information
of amplitude and phase of the mutual coherence of the source at the
relative positions of the spacecraft. The variance in error of the
mutual coherence J between a pair of detectors is given by [3,12]

1—e¢ Topt€ules
2 8.] — 1 opt*vtest 18
o] ( - Toptnx(ehv/kT”p‘ - 1)) MGSAST {19

where € is the fractional transmission of thermal energy, T, is the
temperature of the optics, 7, is the optical efficiency of the detector
given the losses in the transfer optics, n, is the density number of
photons, e, is the energy of photons at frequency v, and M is the
number of collectors. Thus, MJA is the area of collection, A is
Planck’s constant, and 87 is the time of collection. In direct
interferometry, the signal cannot be amplified or manipulated to
compensate the optical effects of the mirrors that affect the total
signal for the process. It has to be divided to interfere with the light of
every other telescope and so the final signal is divided by (M — 1). A
term accounting for the optical efficiency ¢ also has to be included
[6]. Then, the parameter A in Eq. (9) for this case can be written as

- l1—¢ (M — 1)?
A=(1+ )
( roptn,r(elw/”“‘" -1 Toptgﬂtotaﬁqax[e(v)]

where [, is the total rate of photons per second arriving at the
observation plane.

19)

B. Entry Pupil: Heterodyne and Intensity Interferometry

Heterodyne and intensity interferometry are affected by the
uncertainty principle noise, which is different from the noise in a
direct detection system [6]. In heterodyne interferometry, the
acquired signal is first interfered with a coherent signal from the local
oscillator (LO) that allows reproducing a downlinked version of the
acquired signal in the radio frequency wavelength. A signal in the
radio frequency band can be transmitted, manipulated, and later
interfered offline, and so there is no need to have a combiner to
directly interfere the light from the source and the signal can be
compensated by the losses in the optics. Intensity interferometry uses
the method developed for the Hanbury—Brown-Twiss interfer-
ometer, obtaining the mutual coherence intensity from the second-
order variations of the signal. However, these two methods introduce
the uncertainty noise on the signal. For practical purposes, the noise
and signal of intensity interferometry behave similarly to the
heterodyne interferometric process. The noise variance of this
method can be written as [6]

1 1—¢ e 1.
2 — 1 - viest 2
0187, ( sl 1)) e )

Following a similar reasoning, the parameter in Eq. (9) for entry pupil
multispacecraft interferometry is found to be

- 1 1 —e€ 1
A=|14+— 21
( ot @ 1)) eotale] Y

Notice the difference with direct interferometry. The term 7, is an
important factor differentiating the two cases. This term is caused by
the uncertainty principle noise induced in the entry pupil process.
The value of n; for a thermal source is given by

_ 1
ns = ehv/kT -1

(22)
For the temperatures of a body on Earth, this value is much smaller
than 1 and decreases with the frequency. Also, the factor derived
from the division of the signal and optical efficiency coefficients are
not present in heterodyne interferometry, making it more suitable for
cases with a larger number of spacecraft.
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In this section, the parameter A has been defined; thus, the FPC
constraint Eq. (12) can be set to define a fuel minimization problem
that will attain a bounded error level in the frequency content of the
image.

IV. Reliability of the Image

To calculate the required minimum time of coverage for a
maneuver, it is preferable to define a maximum value for the variance
of the frequency content error 62, [e]. In this section, two criteria are
defined, relating the reliability of the image to the variance of the
error in the u—v plane. One is defining a pixelwise reliability, that is,
defining a limit in the probability of error for any pixel of the image.
The second is defining a quality requirement as a restriction in the
probability of the total error of the image (summation of the squared
error of each pixel).

A. Pixelwise Bound

A requirement of a bound in the error of any point /;(x) > 4,
1;(x) € I(x) is

Prob {|1(x) — [(x)] = klpp} < P (23)
that is,
Prob {|F;(I(v)) — F;({()| = klyn} < Pruax (24)

for any value of j, where I(v) is a vector with the frequency
information of the image, and the jth point of the image is

I;(x) = F;(I) = vTH*I (25)
where
I(x) = H*I(v) (26)

H* being the inverse Fourier transform, a linear operator that in the
discrete case can be defined by the matrix components

h;‘J = ! w=DG=D 27)
/Tpix
W = ?27Any/(2) (28)
and
vl =(0,0,...,1,...,0,0) (29)

a vector that extracts the value of the jth pixel from an image formed
by n,y pixels. kI ¢, is a maximum value for the error pixelwise, such
that every pixel in the actual image with an intensity greater than 7,
will have a bounded error. For any point j,

|F,(1(v)) = F;(1(v)* = [T H*(I — I(v))]? (30)
=[(I(v) — 1) * HopT H*(I(v) — (1)) 31)
and
VI H* = H} (32)
Hv;=H; (33)

H being the jth column of the matrix H and H being the jth row of
the matrix H*. Then

E[|F;(I() = F;({w)P] = ElI() = Im))*H;H; (1) = [0)]]
(34)

= E[[H;(I(v) — [(n))(I(v) — 1(v))*H,]] (35)
= HIE[|(I(v) — [())(I(v) — 1(v))*[1H, (36)
= H_;‘ReHj (37

where R, is the covariance matrix for the error on the image in the
frequency plane and can be considered diagonal because the
measurements in the frequency plane are uncorrelated. Thus,

ENF (1) = F{(DP) = Y highyElled]? (38)

where e; is the error in the ith component of the image in the
frequency plane. Because the operator H is unitary and endowed
with a special structure, it follows that

* —
hiihy = —
npix

and then

ElF (1) — FyDP =

llell3 (39)

pix
where |l¢||, is the mean squared error (}_,E|e;|?)!/2. Defining the
worst-case error as ||e|| ., = (max;{E|e;|>})!/?, it follows that

llell3

lefiz = —==
pix
and, thus,
E[|F;(1) — Fy(D)P"] = (max{Ele;|*}) (40)

The preceding inequality relates the error in the jth pixel of the image
to the error in the spatial frequency content of the image.

The function F is a linear transformation of e, and e is a Gaussian
distributed variable; then F (e) is a zero mean Gaussian distributed
variable and Eq. (23) is satisfied if

1
o’le] <= (€2
0
where
2n ix(erj.71 (1 - pmax))z
0=—" (42)
L,
B. Chi Squared: Total Error Bound
A bound for the total error in the image can be defined by
Prob {Z [1(x) = [(x)]* = K} < Pinax (43)

Given Parseval’s theorem [1], the preceding condition becomes
Prob {Z 1w — W) = K} < P (44)

Now, defining the complex normal distributed variable
Re(l; — 1)) Im(/; - 1))

X = 1
JERe(;— 1) /Elim(; — )P

~N(0,1) + iN(0, 1)

(45)
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and given the acquisition process, the real and imaginary parts are
identically distributed random variables. Then

Re(l; — ;) + ilm(I; — I
i e(l; - 1)) lmf/ J)NN(0,1)+1'N(0,1) (46)
E|Re(I; — I)]?
such that

r—1

=y % 47)
0

=

is a chi-square distributed variable with r degrees of freedom, where
r = 2n;,. Then, if g, is the solution for the equation

1- gr (52) = Pmax (48)
Op
where
2,y/2
6,0) =122 “9)

and y, ' are incomplete and complete gamma functions,
respectively, and if

K
Prob {X2 = (?)} = Pmax (50)
p
and
Z|I—i|2 <olx? (51)
r—1 72
o 1. —1I;
Si-ipzey bl (52)
‘=0 EllRe(f; — I))]]
that is, if
r—1 72 -l 72
;=1 ;=1
< (53)
=i o} J.2=(;E|Re(e(vj))|2
then
Prob {Z T K} < P (54)

The quality condition is then given by Eq. (53), which describes the
hypercone defined by the intersection of a hyperellipsoid with the
hypersphere given by the left side of Eq. (33). If all the axes of the
hyperellipsoid are restricted to be inside the hypersphere, the
reliability of the image is guaranteed. Then, a solution for Eq. (53)
that satisfies the error requirement is

o’le] = (55)

Ql ~

where

g;l (1 —P max)
Q=" (56)
Thus, a parameter Q has been defined that is directly related to the
quality of the image. Figure 3 shows the same image for different
levels of quality Q, along with its total error K and pixelwise error
distribution k.

By arguments of ergodicity, the distribution over the ensemble is
assumed equivalent to the distribution of the measurements over
time. Then, a relationship between k (the quality), pn.« (the
probability of getting an error worse than that), and the trajectories of
the spacecraft has thus been defined. Figure 4 shows Q as a function

Q=2e5

300

K=2.6%
250

200
150
100

50

0
Reconstructed Image -50 0 50

Q=2e6
300

250

200
150
100

50

0
-50 0 50

Reconstructed Image (% of Ipth)

Fig. 3 The quality index of the image. The right side plot displays the
error distribution of the pixels and the total error value K.

of the error probability for different k (the pixelwise quality) for
different probabilities, and Fig. 5a shows Q as a function of K (the
total error quality) for different values of p,,, (notice that it is
basically constant). Figure 5b shows the quality index Q as the value
of K is increased.

V. Near-Minimum Fuel Maneuvers

In this section, a solution algorithm is proposed to calculate near-
minimum fuel trajectories to acquire knowledge about the upper
bounds of the system. The system is considered to be subject to CW
dynamic equations.

It is intended to find solutions for the optimization problem
[Egs. (8—14)]. The problem has been solved for deep-space dynamics
[16], but the symmetry used to solve the problem for that case is lost
for the case of CW dynamics:

X—2ay—3a’x=u, (57)

5 Q1 vs P for different values of k (50pix)

Prob [%]
Fig. 4 The pixelwise quality vs error probability for different k.
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Fig. 5 a) The total quality vs error probability for different K; b) the total quality vs K, given error probability.

V4 2ax = u, (58)

I+a’z=u, (59)
where a is the orbital rate, and x, y, and z are the standard local-
vertical-local-horizontal (LVLH) coordinates. Therefore, the cost
function not only depends on the radial and tangential components of
the velocities in the spiral, but is also dependent on the trajectory of
each individual spacecraft. Solving this optimization problem
requires a solution for the trajectories of the spacecraft in three-
dimensional space subject to asymmetric dynamics. The solution for
such a problem would require a highly time-consuming computa-
tional method as the fuel optimization problem does not possess any
desirable optimization characteristic, the number of variables is
increasingly large, and it is not a convex problem.

A near-minimum fuel solution for the problem is proposed
assuming that the total cost of the maneuver for the M spacecraft is
optimized by dividing the problem into two subproblems. First, the
spacecraft maneuvers are optimized assuming deep-space dynamics,
that is, a nonperturbed double integrator. Next, the resulting
trajectories are tracked under CW dynamics using a linear quadratic
optimal control that applies constraints in the projections of the
trajectories perpendicular to the optical axis and defines trajectories
that achieve the desired coverage. In previous work [16], the process
in which the optimization problem stated in Eqs. (11-17) converted
to a fuel optimization process for deep-space dynamics has been
considered. In that case, the independent variable is the radius of the
maneuver and the problem consists of finding v,(r) and k(r), which
minimize the fuel cost function:

Rinax 0,.(r)
J=
[

Under the assumption that the maximum rate of expansion of the
spiral is optimal, the problem is reduced to find v,(r), the radial
velocity as a function of the radius. The previously stated problem is
solved considering the discretized optimization variable

®, = d(r)

r? + 4k*dr (60)

i=1,....,N (61)

o(r) = (62)

Ur(aNR r)

which allows stating a convex nonlinear programming (NLP)
problem

N
. 1 /r}+ 4k
min ; P (63)
subject to
r-o=rA (64)
aN8r||q)||1 = Tmax (65)
2 )
Vi +4k;
P2 > VI Tk 66
T ktzAmax ( )
where
@, =) =1",
dr is the discretization step in r, and
Ng
U= aiBWe oy, (67)
i=1

being the matrix W, a contraction matrix, that is the approximation
in discrete space of the operator

F o(®(r)) = (ar) (68)
which has the form
D(ar) =W, - D(r) (69)
1 0 0 0 o 0 0] O(r;)
0 p 1l=-p O 0 D(rit1)
=0 --- 0 O 0 0O 0 1 (70)
0O 0 0 O 0 0O 0 O
q)(rnjfl)
L0 0 0 0 0 0 0 0f[ @@, |

where p is a proportionality constant that calculates the value of ® at
the point «r, as the linear interpolant of ®(r,_;) and ®(r;). As a
particular case, W is the identity matrix. This nonlinear problem has
been shown to be convex [18], and a sequential quadratic algorithm
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Fig. 6 An 11-spacecraft, 2 h maneuver, resolution on target = 1 m.

converges to a solution. Using this algorithm, this first stage of the

problem is solved for the parameters of the imaging system and the

obtained trajectories are an input for an LQR tracker controller.
For the LQR problem, the dynamic system is

x 0 0 0 1 007 [x
b 0 0 0 0 1 0f]y
| 0o o 0o 0 0 1]|z
|l 7|32 0 0 2a 0 O] x
y 0 —2a 0 0 00|y
¢ 0 0 -2 0 0 0][:z
000
0.0 0|
00 0"
Tl ool ™ (1)
01 o]|L™
00 1
and the trajectory to be tracked is
y:i(0) rcos(6)
_ =@ | _ rsin(6)
= y,(t) | T | kew(cos(8) — krsin(6)) (72)
2,() ka(sin(8) + krcos(6))

where k is the expansion rate of the spiral and w, r, and 6 are defined
from the NLP solution in the first stage.
Then, the cost function of the LQR optimal control problem is

T= %(CX(T) — 1(T))" P(Cx(T) — 1(T))

1 [T
+§/ (Cx—r)TQ(Cx—r) + u"Rudt (73)
1y
with
01 0 0 0O
00 1 0 0O
¢= 00 0 010 74
00 0 0 0 1

P being a positive—semidefinite matrix, and Q, R being positive—
definite matrices. Note that the x direction (optical axis direction) is
free, and the spiral is projected on the y—z directions of the LVLH
coordinate system. Then, the controller

u(t) = —R'BTS(t)x + R~'BTv (75)

is an optimal control for the desired trajectory, with:

—S=ATS + SA— SBR™'BTS + CTQC (76)
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— 9= (A—BK) v+ COr(r) 77

This algorithm accounts for the orbital dynamics and the
requirements on acceleration and required thrust, describing the
imaging spirals in the desired plane.

Figure 6 shows the results for one of these maneuvers. The
trajectory shown is for one of the 13 spacecraft in the maneuver. The
projection in the LHLYV plane is presented in the top left plot.

Figure 7 displays the trajectories of five out of 13 spacecraftina2h
maneuver, and the three-dimensional paths are described. These
trajectories do not intersect because the relative angular distance in

Maneuvers with 11 spacecraft
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the projected plane is constant and, thus, the distance between
spacecraft is proportional to the radial position in the spiral that is
monotonically increasing. The trajectories are not confined to a
plane, but they project the optimal trajectories in the perpendicular
plane to the optical axis.

VI. Results

In this section, the results for the solutions for the optimization
problem posed previously are described, and the behavior for selected
parameters and different configurations are displayed, to describe the
relation between the fuel consumption and the quality of the
reconstructed images. The diameter of the maneuver is defined by the
desired resolution of the image by the position of the first zero in the
interferometric pattern of the Airy disk, which is approximately [1]

D= 1.22% (78)

where § is the resolution of the image. If the design is calculated for
A =10 pum and an approximate resolution of 1 m in the target, the
diameter of the optical aperture is about 500 m. The size of the
collecting telescopes required to acquire the light from the prescribed
area of the target is given by the same criteria [1]. The rate of arrival of
photons for imaging a thermally radiating object on Earth can be
calculated as [20]

2c nE(A)‘)ZAtel(dnpix)z
=)

Mot = )\'4(ehc/)~kT _ 1) [ph/s] (79)
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Fig. 10 An 11-spacecraft maneuver, 50 x 50 pix. Number of images vs
quality (Qd = directinterferometry, Qh = heterodyne interferometry).
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Table 1 Minimum time and minimum quality given acceleration constraints a,,,, = 4.5 mm /s>

50 pix 100 pix

M Min time, h Min Qd x 10° Min Qh x 10° Min time, h Min Qd x 10° Min Qh x 10°
9 0.51 7.77 7.54 0.97 3.78 3.67

11 0.42 6.08 9.21 0.80 2.96 4.49

13 0.37 4.99 10.9 0.68 243 5.30

where £ is the emissivity coefficient of the radiating body, which can
be as low as 0.1; 7 is the absorption coefficient of the atmosphere at
the given wavelength; and A, is the area of the telescopes. The
bandwidth AA is a parameter limited by the desired resolution and the
measuring system. In the case of heterodyne interferometry, it is of
the order of 2 nm and can be greater in the case of direct
interferometric methods [3].

In the case of the thermal source, the term Ain the spiral trajectory
optimization [Eq. (10)] is
= M—1 2)\42 el1c/AkT -1
:_ (, . ) (M — 17°24%( o,
1)) 2t5uGnEcM (AL Ay

(80)

1—¢

‘Eoplnx (ehv/kT(,pl _

and replacing the size of the preceding telescope,

s M 10—3 Total U = 9.7269m/s
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Similarly, for heterodyne detection,
= 1 1—¢ 2}12- )\’Z(ehc/)»kT _ 1)
A=|1+— pix Y)
( T (@ 1)) cME(Ay 5 2 B2

where Q is the image-quality factor mentioned in the previous
section, n,,;, is the number of pixels in the image, and M is the number
of spacecraft.

Simulations and calculations of fuel consumption for different
maneuvers were performed. Figures 6 and 7 show the features of
these types of maneuvers. In Fig. 6, the plots show the values for the
accelerations in all three axes, as well as the tracking of the
trajectories by the inner-loop controller. Notice that the level of
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Fig. 11 Control saturation effect in the trajectory tracking, 45-min maneuver, 11 spacecraft. Left: a,,, = 4.7 mm/s?; right: a,,,, = 6.5 mm/s?.
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acceleration in the x direction is orders of magnitude smaller than in
the other directions. Notice as well that the major discrepancies are at
the beginning of the tracking. This behavior can be improved by
adjusting the weighting parameters in the LQR controller. In Fig. 7, 5
of the 13 constituent trajectories are shown to illustrate how the three-
dimensional trajectories can differ in the x—y—z plane, but their
projection onto the y—z plane follows the desired trajectory.

To condense the results for the fuel consumption of different
maneuvers, Figs. 8-10 display, for different configurations, the
number of missions realizable with the calculated AV, assuming an
electric propulsion system with a specific impulse of 3500 s, and
fixing the maximum ratio of fuel to a total mass at 0.3. It is noted that
the number of realizable maneuvers are increased as the quality
parameter is relaxed.

Notice, however, that there are two unachievable zones. The first
one is due to the fact that there is a limitation in the minimum time of
the maneuvers given the available thrust of electric propulsion
systems. Given the requirements of power of electric propulsion
systems (in the most recent prototypes, the efficiency is
70-80 mN/kW [21] and the presently available power sources
with specific power of 200 kW /kg [22]), the maximum acceleration
of the system is limited by the fraction of the mass of the spacecraft to
be power generation. Assuming a value of 25% for the percentage of
the mass to be power generation, the limit in the accelerations of the
spacecraft is about 4.5 mm/s?. Given this limiting value, the
minimum time of maneuver as well as the minimum value for A and
Q can be calculated from Eqgs. (9) and (14) when assuming
continuous maximum thrust during the whole maneuver and deep-
space dynamics (as a lower boundary):

Rmax  dr
T= (83)
[emm v.(r)

Rinax
- / dr (84)

o ek VAR

and

N

= R 1

A min = Z a;B; (85)
—

\ @Rk /N1 + 4k?

The results are shown in Table 1. Notice how the minimum time
reduces with the reduction of the resolution requirements and
increases with the number of spacecraft. If the acceleration constraint
is relaxed, solutions for faster maneuvers are found, but the system is
not able to follow them. Figure 11 shows the effect of the saturation
of the control in the trajectories for a 45-min, 11-spacecraft
maneuver.

On the other side, the maximum value of Q, that is, the highest
quality achievable, is also constrained by the time of the maneuver;
for a given time of maneuver, there is a limit in the minimum velocity,
and so this limits the achievable quality. The two unachievable
regions are clearly depicted in Figs. 9—11. The optimization problem
and the LQR are normalized such that the total cost obtained is
directly proportional to the radius of maneuver and, therefore, the
number of missions is directly proportional to the resolution on
Earth. The number of pixels in the image is also an important factor in
the fuel cost. The number of images in Figs. 911 are given per meter
of resolution desired on the target. The reduction of the number of
pixels per image means a less-tight spiral maneuver and
consequently less consumption of fuel. This can be noticed in
Fig. 11, which is calculated for a 50 x 50 pix image.

VII. Conclusions

In this paper, a method to design fuel-efficient trajectories for
multispacecraft interferometric imaging systems is proposed such
that they achieve certain image-quality requirements. The results
delineate the principal features of multispacecraft interferometric

imaging systems in a near-Earth orbit and their imaging capabilities.
The method is applied to a GEO-located IR imaging system of Earth-
based targets emitting thermal radiation.

Additionally, relationships between the error in the frequency
content and the error in the image were defined. Two different
measurements of the quality of the image were proposed. One
defines the probability that the error in any pixel of the image is
within a bound. The other considers the probability that the total error
in the image is within a given bound. These probabilities were shown
to be related to the maximum error in the frequency content and,
consequently, define constraints in the trajectories of the maneuver.
Missions intended to do night imaging of thermally radiating sources
from a geostationary orbit were considered. The proposed trajectory
optimization method was used to compute the fuel consumption for
different cases, and the numerical results were used to relate the fuel
requirements and the quality of the images. It was seen that the fuel
consumption of these systems increases with the number of pixels
(i.e., resolution) in the desired image and, therefore, is reduced with
the increase in the size of the light collectors. A larger number of
collectors reduces the fuel consumption, although it was seen that
longer maneuvers require less fuel too.

The propulsion systems and the size of the collecting antennas
define operational limits in this type of system. The numerical values
found for the fuel and power requirements indicate the feasibility of
such a system, given the current state of the art in these areas.
However, the actual realization of such a system will require the
study of accurate pointing capabilities of the light collectors and
efficient spacecraft power sources to achieve better images in shorter
durations.
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